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This section of the Journal offers readers an opportunity to exchange interesting mathematical prob-
lems and solutions. Please email them to Prof. Albert Natian at Department of Mathematics, Los
Angeles Valley College. Please make sure every proposed problem or proposed solution is pro-
vided in both LaTeX and pdf documents. Thank you!

To propose problems, email them to: problems4ssma@ gmail.com

To propose solutions, email them to: solutions4ssma@ gmail.com

Solutions to previously published problems can be seen at <www.ssma.org/publications>.
Solutions to the problems published in this issue should be submitted before February 1, 2025.
e 5787 Proposed by Albert Stadler, Herrliberg, Switzerland.

Let n be a natural number. Prove

S () (2w

k=1

k
1 .
where H;, = Z — denotes the k" harmonic number.
j=1

e 5788 Proposed by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain.

Evaluate L := lim <n2 x,,) where the sequence (x,),,., is defined by

n—oo0
sin%
X, =n — —n|+
Slnn—2

e 5789 Proposed by Daniel Sitaru, National Economic College “Theodor Costescu"
Drobeta Turnu - Severin, Romania.

AN =

Let 0 < a < b. Suppose f : [a,b] — (0, 0) is a continuous function. Then

f Lb Jab (fQ(x) + () + fz(z))2 dxdydz = 9(b — a) (ff(x)dx) (Jb f3(x)dx> ,

e 5790 Proposed by Michel Bataille, Rouen, France.



Here ||-|| denotes the floor (greatest integer value) function. Solve for n € N:

n

3 u¢n2+2k—1+ \/n2+2le — 205.

k=1

e 5791 Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania.

Given any non-negative real numbers a,a,...,a9 With a; > a, > --- > aq, prove that 5 is
the least positive value of k for which

ka, + ay + - - - + ag 2>a%+a§+-~+a§
k+7 ~ 9 '

e 5792 Proposed by Shivam Sharma, Delhi University, New Delhi, India.

1
Let s, = —2+/n + 2 —— with lim s, = s (Ioachimescu Constant). For non-negative intger
— vk n—c0
m, evaluate:
n—+m
S m+1 .
L= nhﬁrrolO s E sj | v/n.
Solutions

To Formerly Published Problems

e 5763 Proposed by Rafael Jakimczuk, Departamento de Ciencias Bdsicas, Division Matemditica,
Universidad Nacional de Lujdn, Buenos Aires, Argentina..

Consider the Diophantine equation in the unknown positive integer n:

)dn

bl(n+a1)d"+b2(n+a2 ~|—--~+bk(n+ak)d":c

where k, d, ¢ and a;,b; (i = 1,2,...,k) are given fixed integers with k > 2,d > 0, b; # 0 and
a; < ay < --- < ay. Prove that the solution set (possibly empty) of the above Diophantine equation
is finite.

Solution 1 by the problem proposer. We will show that the Diophantine equation
" =, (1)

either has no solution in n or has only a finite number of solutions in n.

)dn

by(n+a)™ +by(n+a)™+ -+ by (n+a

Let us consider the equality

b1e™ + bye™ + - - + bre™ = 0. @

2



We shall prove that the above equality is impossible. First, suppose that a; > 0. Then e is a solution
of the polynomial equation b x + byx 4 - .. + b x™* = 0 with integer coefficients b;, which
is an impossibility since e is not algebraic, but transcendental (Hermite in 1873). Second, suppose
that ¢, < 0. Upon multiplying both sides of (2) by e~%", we see that again e (impossibly) satisfies
a polynomial equation with integer coefficients. Therefore we conclude

bie® + bye® 4 ... 4 pret £ 0. )

Now, equation (1) is equivalent to the equation

bi(n+a)"™ +by(n+a)” + -+ b (n+a)™ —c
An = dn :O
n

n d n d n d
An:h((uﬂ)) +b2<(1+@)) +...+bk((1+%)) S
n n n n

Since fora > 0

or

then, by (3),

lim A, = bie® + bye™ + - - + be™ # 0.

n—00

Therefore, there exists n, such that for all n > ny: A, # 0 and thus (1) does not hold for n > ny.
Hence, (1) holds for at most a finite number of values of 7.

e 5764 Proposed by D.M. Bdtinefu-Giurgiu, "Matei Basarab” National College, Bucharest, Ro-
mania and Neculai Stanciu, ”George Emil Palade” School, Buzdu, Romania.

Let F, denote the nth term of the Fibonacci sequence definedby Fo =0, Fy = 1, F,.» = F,. 1+ F,

... ; ..a
forn > 0. Let (a,) -, be any sequence of positive real numbers with lim ZH

n—o0 n-a,
. a, 1Fn+l anFn
A — 1 n+1 + _n
s \/(2n+ T \/(2n— N

Solution 1 by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain.

= 27. Evaluate :

n=>1

By the Stolz-Cezaro Lemma, the Stirling approximation to n! and the root-quotient criterion at



calculating limits, it follows that

n+1 an+1Fn+l
(2n + !
A = lim

n—0o0 n+1

. Hi/anHFnHZ”“(n%—l)!

n—>c0 (2n+2)!(n + 1)1
— lim Ay Fn+1 2n+1 (l’l+ 1)' (21’1)' n"
o, F, 27 nl (2n+2)! (n+ 1)t
2 n
= 1 2(n+1
o n2a, (n )2(n+l)(2n+l) (n—i—l) n+1
11
= 2 —_—
nars
_
e

is the golden ratio.

Solution 2 by G. C. Greubel, Newport News, VA.

Given the property
lim 2L — op

n—w0 n’ a,

then a reasonable guess to the form of a, is (pn)*". In this view the limit takes the form

a 1 n+2
lim = = p? lim (1 + —) = (pe)* = 2n.
n

n—ao0 n2 an n—ao0
This yields
2n
( \ 2 n)
a, X .
e
Using

Fn ~ 571/2 a"
(2” + 1)” ~ e—(n—i—l) nn—i—l 2n+3/2
(2n — ) ~ e " n" 2"12,

where alpha is the golden ratio, then

wit | Gnet Fug L ra n+2+l
(2n+ 1! e n

n+1



and

A= tim | Gt Foe ) @B ) ma o o, 1) 27ae
n—0 (2n+ 1! (2n— 1) e n—w n e

Solution 3 by Michel Bataille, Rouen, France.

o — B 1+ V5 1- 5

It is well-known that for n > 0, we have F, = 7 where @ = — B = >
a" . F a,F
It follows that F,, ~ as n — oo so that lim —2L = ¢. Letu, = ——"— and v, = {/u,.
n—ow [, (2n—1)N
. ) e na
We will show that the required limit is lim (v, — v,) = —.
n—o0 e
. . u nra
First we will prove that "t . pra and v, ~ —— asn — 0. Asn — o0, we have
u, e
Un+1 _ (| . Fn+1 ) 1 ~ (271_”2) Ca - i = nna
u, a, F, 2n+1 2n
and then
Upt1 N Uny 1 1 N nm_l'l_@
n e e’

(n+1)Tu,  u, .n—i-l'(l_i_l)"

n

X
From the known result: lim =2

= ¢ implies lim {/x, = ¢, which holds for any positive real

n—a0 xn n—o0
sequence (x,), we deduce that
na Uy Vu

— = lim {/— = lim —
e n—0o0 n" n—w n

nra )
and sov, ~ —— asn — o0. As aresult, we first obtain
e

1— L
n n+1
Vi Up Up V41 nZ(x

asn — oo so that lim nln (v H) = 1. Now, from In (v H) ~ —and lim Yntl _ 1 we deduce

n—o0 V Vi n n—w vy,

v v ] nra 1 na

n+1 1 1 n+1 Vn 1
Vl’l"l‘l - vn Vl’l - Vl’l : n : ~ T -
Vn Vn In <vn+1> e n e

Vn

as n — oo (since lim
t—1 Int

) o
= 1). Thus, lim (v,4+; — v,) = — and we are done.
n—o0 e



Solution 4 by Moti Levy, Rehovot, Israel.

We will show the following asymptotic approximation:

WF In(27%) 1 In? 1 5
”a—zﬂgoﬁ I+ ( )4-M +0 n” (n) , o= +\F. 4)
" e 2n n n 2

Suppose the sequence (a,),, is expressed as follows, where (k,),-, is a sequence of positive real
numbers:
ay = ky (21)" (). (5)

A+

L —on implies that

n

Then the condition lim >
n—w n%a

n+1 2
21 = lim s @) ((n 4+ 1)1) im Bt D o fim e
= 2 (27) (n!)? o kyn? ook,
It follows that a, = k, (2)" (n!)” if and only if
kﬂ
lim k“ = 1. (6)
By definition,
B (2n)!
(2n— 1) T (7
a,F, ky (27)" (n!)? 2"n! (20" Fk 2" (n!)’
= = T nhkn 5
(2n— 1) (2n)! (2n)!
3
R e i )
(2n— 1)1 ((2n)1)"
The closed form of the Fibonacci numbers is
p_ ¢ () oo Lt V5
n \/g bl 2
Since |— L4 < 1 then
@
1 n\ n
m\ " 14+ V5
1 g 1—¢ B 1 1-=5 -

bn . n
Lemma: Let (b,),-, be a sequence of positive real number such that lim L — 1 then lim \/l; =
= n—0o0 n n—o0
1.



bn+1

Proof of lemma: lim = 1 implies that for every 1 > & > 0, there is a positive integer N

n—0o0 n

such that

b,
n>N = 1l —¢< 1

<1+e¢,

or that
b,(1—¢&) <b,.1 <b,(1+¢). (10)

Let ny > N. Then for a any positive integer m

by (1= €)™ < bugm < by, (1 + )"

B (1 — g)itn < /b < b (1 4 g)iotn (11)

Since (1 — £)@*" > 1 —gand (1 + &)%" < 1 + &, we rewrite (11) as follows,

1 1
bt (1 —&) < "R/bpyrm < bt (1+¢). (12)

Now, we have

1
lim b =1,
m—00

then taking limits of the sides of (12) we get,

l—e< lim "R/byym<1+e

m—o0
or
: +
nll_r)l;lo "R by tm — 1‘ <e&. (13)
But lim "%/byy = lim X/b,, hence
m— m—>

m—0o0

lim A/b,, — 1‘ <e.
Since € can be arbitrarily close to O then

lim /b, =1. m

m—0
By the lemma and (6)
lim A/k, = 1. (14)
n—00

The Stirling’s asymptotic formula for In (n!) is

In(n!) =nln(n) —n+ %ln (27n) + ﬁ + 0 (%) (15)

After division of both sides of (15) by n and taking the exponent, we get

1 1 1 1
o () =n(n) =14 500 (2mn) + 5.5 + O <—> ’

7



Ln 1 1 1
(n!)" = S exp (Eln (27n) + toat o (E))

L In (27tn) Lo (ln2 (n))

2n n?

Q|

I |w

Now we use (16) to obtain asymptotic expressions for ((2n) ) "and (n!)",

e? 2n n?
soond 31n (27n) In* (n)
Ne = — |1
(n!) e’ 2n © n?
Q
X (2 _1 =4n\/F f
(2 ) )
Q <1 + 31n§i7m) +0 <lnil(2n)))
=4n/F \/7
2
4,12 (1 + (47'm) +0 <lnngn))>
n 1+ 3 In(27n) 11’12 (n)
_ n n _ 2n
_Jr«/Fn\/kE,le —1+1n(;—7m) —l—O( o )

Now, since lim 4/k, = 1 and lim {/F, = ¢, we have
n—0o0 n—ao0

3ln(27rn) 2
W 1+ 1
| a n L0 < n (n))

en—nn - el <4m> o

_ ngoﬁ |+ 3In(27n)  In(47n) Lo In* (n)
e 2n 2n n?
In (272 1 In2
= 7T§0E 1 + ( ) + ﬂ) + 0 (n_(n)
e 2n n n

(16)

7)

(18)

(19)

(20)

21



n+1 an+an+l _on anFn
(2n+ 1)!! (2n — 1N

2(n+1)  n+1

_ . In*(n)
Since lim ————
n—o0 n

= 0, then

. ntl an+1Fn+l n ClnFn iy
lim - = —,
n—>00 (2n+ 1) (2n— 1) e

Solution 5 by Yunyong Zhang, Chinaunicom, Yunnan, China.

An+1
nt+1)! w1 =D a1
llm (za':l) _ llm a +1 ( n )' _ hm a +1_2 _ 7_T’
. anF,, T
= lim ;' -z
(2n)!
2n— 1! = ,
(on ) 2'n!
Qn a,n!2"
lim ¢ lim 4 ,
-\l (2n — 111 oo ’\| (2n)!
o — 1120 n
zlimna(l’l ) _ﬂn(n—l)'wﬂm.

n—oo 2(2]’1— 1)' B

Similarly, lim n+,l/ﬁ — "Vl ~ 1" (n+ D).
A ~ lim [ "N Fpii(n+1)! — «"/an!].
n—00

n 1 1 5
vn! ~ Z + Zln(Znn), N Fp~a(l — ;_n)’
1
A~ 1im7rl9+31n(”+ )] _ e
n—00 e Qe n e

Also solved by the problem proposer.

In (272 In (272
—ﬂgo%(l—i— n (27%) +ln(n+1)>_ﬂ n<l+ n(n)+




e 5765 Proposed by Shivam Sharma, Delhi University, New Delhi, India.

n
1 . . . .
Let s, = —2+/n + Z 7} with nlirgj s, = s (Ioachimescu Constant). For non-negative intger

m, evaluate:

n+m

L = lim sm“—ns,
n—o0 X
j=n

Solution 1 by Albert Stadler, Herrliberg, Switzerland.

Assuming that m>0 is a fixed integer, we have

n+m m+1
L=s"""—1lim si | =" = lim Sp_i4: | = s — gt = 0.
n—0o0 J n—0o0 " +j
j:n ]:1

Solution 2 by Michel Bataille, Rouen, France.

Clearly, L = 0 if m = 0. Suppose that m > 1. Then, for i = 1,2,...,m, the subsequence
(Spti)n>1 converges and lim s,,; = lim s, = s. It follows that
n—aoo

n—aoo
n+m
lim H s;= Hm (s, Sup1 Spym) = 5"
n—oo 4 n— o0
j=n

and therefore L = 0.

Solution 3 by Moti Levy, Rehovot, Israel.

n+m

| |sj = SnSnt+1 " Sntm
J=n

im s,8,41 " Spym = | lim s, lim s, ) - lim s,,,,
n—o0 n—0o0 n—00 n—a0

Since lim s,,; = lim s, = s, then
n—0 n—0

Hm S8t - - Spam = S™7L
n—o0
It follows that
n—+m
L=tim | " =] [s; | = 8" = lm sysusr - Supm = "7 = 0.
n—00 L n—00
J=n

10



Also solved by the problem proposer.

e 5766 Proposed by Toyesh Prakash Sharma, Agra College, Agra, India.

T2 3r .. 2 St 22 3
zf sin de zj sin xdx %J sin xdx _ l .
Ty x? T oy X2 T Jug X° 3

Solution 1 by G. C. Greubel, Newport News, VA.

Show that

Using the integral result, where Si(x) is the Sine Integral,

f (%)2 dx = Si(2x) — sin’ (x)

X X
then
b 2 ”sinzxdx zf”sinzxdx gJS”sinzxdx ,
T )y x? Tt X? T Jue X2
o) 3
¢ = (—) Si(27) (Si(6xr) — Si(4n)) (Si(107) — Si(8x)) .
T
Since
T
o) = T
Si(27) < >
Si(67) — Si(4n) < = - —
2 50
. . r 1
Sl(lO?T) — SI(STF) < 5 . F
then
< ! < i
*<3Gop =

Solution 2 by Brian D. Beasley, Simpsonville, SC.

For x > 0, let f(x) = sin” x/x* and define

sin’ x .

£(0) = lim

x—0 xZ

T 3 S
Letl; = J f(x)dx, I, = f f(x)dx,and I = (x)dx. Since 0 < f(x) < 1 on [0, 7], we have

0 2n 4

11



0<I <n(l)=nm.

Since 0 < f(x) < 1/(2n)* on [27, 37, we have

0< I < 1 1
S ITT —— = —.
2 472 47

Since 0 < f(x) < 1/(4n)? on [4r, 57|, we have

1 1
0< L < — | = —.
: ”<167r2> 167

Thus we obtain

Solution 3 by Michel Bataille, Rouen, France.

0

and, for short, let us write f f for J f(x)dx. We recall that f f =

[frfofofos

(since f(x) = 0) and by AM-GM,

sin2 X

Let f(x) =
We have

NI

(557 + 5o+ 5an f)

2 (7 2 3 2 St
GIOCE) L)
T Jo T Jon T Jan 3
Combining the two results readily leads to
2 4 2 3n 2 St 1 3
GLOGL)GL)-6)
T Jo T Jon T Jan 3
Solution 4 by Yunyong Zhang, Chinaunicom, Yunnan, China.

2 (7 sin’ x 2 (" sin® x 2 (% sin® x
Leta = - —zdx, b=-— 5 dx, ¢=- 5 dx.
T 0 X T o X T Ar X

Vabe <

abc<<

1 2 (®sin’ )
(a+b+c)=§><—f0 i xdx=§><7—r><

).

W =

W —

12



Note:

J sin” xd T
x_ —
0o X 2"(n—1)! 4

When n = 2,

[ e e (2 -

Solution 5 by Perfetti Paolo, Universita di “Tor Vergata'', Roma, Italy.

2 T2 2 3r .2 Sg -2
_Jsmxdx _f smxdx gf s1nxdx _
Ty x? T oy X2 T Jue X?

l\)_l 3

8 (" sin’x ™ sin(x + 27) ™ sin(x + 47)
-3 dx | ————dx e | —————dx <
)y x o (x+2n) 0 (x + 4m)
8 T 2 s T
. s1n2x J sin® x d J sin” x _simx L
T 0 0 (.x + 47()
8 (" sin’x
< = ) dx - J f 62 dx <
_ 8 °Osm xd f sin’ x J sin’ x
— X -
s 47r2

167
_8 (= zL T LN L (1Y
w3 \2)\24x2) \21622)  64r* 3)

Above we have used the results

* sin? —sin®x|® [ sin(2x
J 7 = | +J ( )dxsz Mgy~ 2
0o X x o 0 X 2)o Yy 2

andj sin? x dx = 1/2.
0

Solution 6 by Moti Levy, Rehovot, Israel.

By the AM-GM inequality,

13



2|

2

T
%ﬂsm dx+23~37rs1n x)d +2 57r51n2(x)d
2
T

4r X

3

fr sin” (x) dx) ( 2 f3” sinzz(x) dx> (2 f57r sinzz(x) dx)

6= >
. ( 5
. 3
_ (_ SSH s1n22(x)d

——dx
3
)

dx = —, hence dx < —, which implies

0 1.2
) sin” (x
It is known that f ( >
0 X 2

0 x?

n J 5T sin” (x) n
2 57 sin®(x)

3
¢ < ’_ro—xzdx < l 3
~ 3 ~ 3 .

Also solved by Hossaena Tedla, ADA University, Baku, Azerbaijan; Albert Stadler, Her-
rliberg, Switzerland and the problem proposer.

e 5767 Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania.

Let a, b, c, d be nonnegative real numbers such that
ab + bc + cd + da = 4, a=b>=c=>=d.
Prove that

1 N 1 N 1 N 1 N 1 N 1 >3
ab+7 ac+7 ad+7 bc+7 bd+7T cd+7 4

Solution 1 by Hong Biao Zeng, Fort Hays State University, Hays, KS.

Since Harmonic mean is less than or equal to arithmetic mean, we have

6

1 1 1 1 1 1
ab+7 + ac+17 + ad+7 + be+17 + bd+7 + cd+17

_ (ab+7)+ (ac+7)+ (ad +7) + (bc +7) + (bd +7) + (cd +T)
A 6

46+ ac+ bd

a 6

14



which implies that

1+1+1+1+1+1>36
ab+7 ac+7 ad+7 bc+7 bd+7 cd+7 46+ ac+ bd

If we can prove that ac + bd < 2, then

1 . 1 . 1 N 1 N 1 N L 36
ab+7 ac+7 ad+7 bc+7 bd+7 cd+7° 46+ ac+ bd
36 3
> — —
46+2 4

To find maximum of ac + bd given ab + bc + cd +da = 4,anda > b > ¢ > d > 0, we can
use Method of Lagrange Multipliers. We want to find maximum F(a, b, ¢,d) = ac + bd under the
constraint G(a, b, ¢, d) = ab + bc + c¢d + da — 4 = 0. We solve system

Gk
b b
{ OF G >
¢ c
k6
od od
\ G=0
which is the same as system
( c+/l(b+d)=0\
d+Aa+c¢)=0
X a+Ab+d)=0 ;
b+ Alc+a)=0
\ab+bc+cd+da—4=0

1
Solving the latter system, we havea =b=c=d =1,1 = 7 So the maximum of F(a,b,c,d) =
ac+bd =2whena=b=c=d=1

Solution 2 by Péter Fiilop, Gyomro, Hungary.
Start with ab + bc +cd +da = (a+c¢)(b+d) = 4

Using the AM-GM inequality:

b+d
vabcd<<a;c)< ; )zl

On the other hand we can use the following fact:

15



1
LHS = Jtab+6 + tac+6 + l_ad+6 + thc+6 + tbd+6 + tcd+6dt

0
Let’s groupping the terms:

1
LHS = ft6(t"” + 1)+ O+ ) + Ot + ) dt

0
After applying the AM-GM inequality twice, first we get:

1
6 ac+bd

ab+cd ad~+bc
LHS > zfﬁtz +6% 7 +1% 2 dt

0

and second for the exponents:

1
LHS > 6Jt6tvab“ldt

0

After the integration and using that vabcd < 1:

tv abed+7 t=1

— =
Vabed + 7]tO

LHS > 6[

| O\

Statement is proved!

Solution 3 by Perfetti Paolo, Universita di “Tor Vergata'', Roma, Italy.

1+1+1+1+1+1*21
ab+7 ac+7 ad+7 be+7 bd+7 cd+7 Llab+7

(ab+7) + (ac+7) + (ad +7) + (bc + 7) + (bd + 7) + (cd + 7) = > [(ab + 7).

sym
Cauchy—Schwarz yileds
1
Zab+7-Z(ab+7)>(l+1+1+1+1+1)2:36

cyc sym

hence it suffices to show

W

36
>3 = >ab<6 <« ac+bd<2
Zsym (ab + 7) sym

16



hence it suffices
ab + bc + cd + da = 4, a=b>c>d = ac+bd <2

or
2(ac + bd) <4 = ab + bc + cd + da.

We write the latter as

ab—ac+ad —ac+bc—bd+cd—bd >0 «—
«— alb—c)+ald—c)+blc—d)+d(c—Db)=
=(a—d)(b—c)+(c—d)(b—a)=0.

If b — ¢ = a — b the inequality is true because a —d > ¢ — d.

Now let’s assume b — ¢ < a — b thatis a + ¢ = b + d. Cauchy—Schwarz yields

1 1 1 1 42 1
+ + + > ==
ab+7 bc+T7 cd+7T7 ad+7T7 28+4+ab+bc+cd+ca 2
and the inequality reduces to show
1 1 31 1
> _ - - 1
7—|—ac+7—i—bd 4 2 4 ()

Let’s define the new variables a + ¢ = 2x, ac = yz, b+d=2s,bd =1 x> yand s > t by the
AGM. a + ¢ > b + d means x > s while (a + ¢)(b + d) = 4 becomes xs = 1. The inequality (1)
becomes

56 +4y* +4°2 = (T+y)(1+17) — Y +3* +3*-7<0.

This is increasing in ¢ thus it must holds for t = s
st + 3% +355—7<0
which increases in s2. It suffices to check it for the sup of s which is x hence
x4+ 6x —7<0and s> =x* =1

which evidently holds true, hence completing the proof.

Solution 4 by Moti Levy, Rehovot, Israel.

Arithmetic Mean Theorem: Let F(a;,ay,...,a,) ©: A — R where A < R", be a symmetric
continuous function satisfying

al—i—ana a1+an)
2 b 27"’7 2

F(aj,a,...,a,) = F(

17



for all ay,as,...,a, € Asuchthata; > a, > ... > a,ora; < a, < ... < a,. Then, for
a,a,...,a, € A, the following inequality holds:

F(aj,ay,...,a,) = F(AA,...,A)

where

a+a +...+a,
" .

For proof, see the book: Vasile Cirtoaje, "Mathematical Inequalities, Volume 5", Lambert Aca-
demic Publishing, 2018.

A=

Let
x=ab, y=bc, w=da, z=cd

Now we will express

1 |

+
bd+7 ac+7
in terms of the variables x, y, z, w, as follows:

By Titu’s lemma
1 1 4

+ = .
bd+7 ac+7 bd+ac+ 14

By the rearrangement inequality, bd + ac < cd + ab. Hence

4 4
= .
bd +ac+ 14 = cd +ab + 14

Therefore
1 1 4

+ = ,
bd+7 ac+7 x+z+ 14

and
1 N 1 N 1 N 1 N 1 N 1 - 1 N 1 n 1 N 1 N 4
ab+7 bc+7 cd+7 da+7 bd+7 ac+7 x+7 y+7 w+7 z+7 x+z+14

Let

1 1 1 1 4
F(x,y,z,w) 1= + + + + , X+y+wtz=4, x>
(oyaw) = g gt T T T TP e r=l
F(x+z x+z) 1 N 1 N 1 N 1 N 4
”W’ ::
2 2 FE4T7 y+T7 o ow+T BE4T7 0 SE4 L4104
X+2z X+ 2z
F(x,y,z,w) — F( 5 YW )
oL 1 Lo 4 4
Cx+7 z+7 EE47 EE47 z4x+ 14 HEigprigy
(x—2)°

= 0.
(x+7)(z+7)(x+z+ 14)
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By the Arithmetic Mean Theorem,

1 1 1 1 4 3
F >F(I,L1,1) = = -,
(6y,2w) 2 F( A v A e A A p v i
and so the inequality is proved.

Also solved by the problem proposer.

e 5768 Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu, Romania.

Calculate the integral:

o0 t 12
/ :f arc jn(x) n”(x) dx
0 X +x+1

Solution 1 by Albert Stadler, Herrliberg, Switzerland.

We will prove that
4n

I = )
81+/3

The change of variables x—1/x gives

dx.

. foc arctan G) In? (x)

0 X+x+1

Hence

t + arct (l> In*
I | JOO (arc an (x) + arctan ( ¢ ) n” (x) o JOO I (x)
== x=- ————dx.
2 Jo X+x+1 4 )y x*+x+1
Let O<r<1<R, -1<s<1. We consider the complex integral

N

Z
= —dz,
£(s) L’RZZ_ZH .

where C, is a path in the slit complex plane C_ := C\ {x€R / x<0} that consists of the following
pieces:

1. segment [-R,-r], run through in the direction of increasing values,
2. full circle |z|=r, run through in the negative direction,
3. segment [-R,-r], run through in the direction of decreasing values,

4. full circle |z|=R, run through in the positive direction.
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The main branch of z—z* defined by

iArg(z)s

7 i=lzl’e , T <Arg(z) <m

is analytic in the slit plane C_. Therefore, by the residue theorem,

e 2mi s 2mi as 4wl . (7
f(s)=2ni res (—) = , e’ + - e 3 = ——sin (—) .
2 Fot (et o) (20 -0) V33

ai _m
z€{e3, e 3

We let R tend to infinity and r tend to 0. The integrals over the full circles |z|=r and |z|=R tend to 0.

Hence "
ZS . X x‘\‘
s) = —d = ems — e—ms —dx_
s Lmﬁ—z+lz ( )L K+ x+1

We conclude that

dx = , .
0o XX +x+1 \/3 sin (7s) \/§<1+2005<@>>
3

JOO X 20T sin <%) o

Finally,

F In” (x) p R p 2 d? 1
0 ¥ +x+1 ds*> )y x> +x+1 o \Eds2l+2(:os(%)

- 82 (cos (%) + 2cos? (%) + 4sin? (%) > L623

v3 9(1 + 2co0s (27) )3 81v3

s=0

and
/ x  l6x 47*
= — _—ax = — - — .
4), ¥*+x+1 4 8143 813

n JOC In? (x)

Solution 2 by G. C. Greubel, Newport News, VA.

Consider a general form of the integral of the problem. Given the integral

,_ f"o tan~'(x) In*"(x) I

0 X +x+1

make the change of variable x — 1/f to obtain

. Joo tan~! (%) In*"(x)

dt.
0 X+x+1

20



Since

1 m
tan~! tan' [~ ] ==
an” (x) + tan (x) 5

then adding the two integrals gives

x (® In®"(x)dx nx (*
== — v _Z ,
L 2 +x+1 4J flx)dx

The integral can be seen in the form

;]:Llf(x)dx+£wf<x)dx

In the second in integral make the change of variable x — 1/, and notice that f(1/x) = f(x), to

obtain
U In*"(x) dx
f - >
0o X + x + 1

Although there are several ways to evaluate the last integral this solution will make use of the
generating function for the Chebyshev polynomials of the second kind. Since

1 iU 1
—_— = |l =) X
I+ x+ x2 4 2

=0

1
1 2m)!
nl d _’\2m 'd _’32m _ ,
Jox n * J * (n+1> (n+ 1)2m+1

U In?"(x) dx
0o XX+ x+1

n 1 2 1
=5 3zt | Yom ) — Yo g) ,

where ¢, (x) is the polygamma function. The general result is

* tan~'(x) In*"(x) ISR ) 1
fo P24+x+1 dx_i% %m(g)—lﬁzm(g) :

The integral of the proposed problem is the case m = 1 for which

foo tan~' (x) In*(x) 4
dx =
0

and since

then

DIx NIN

X2+ x+1 81 /3
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Solution 3 by Michel Bataille, Rouen, France.

1
The change of variables x = — and the relation arctan(1/u) + arctan(u) = g for positive u readily
u

shows that I = g -J —1,thatis, I = g - J where

© In®(u)
J = ———du.
o W +u-+l
(logz)’

S where log z = In([z|) + 6 with 0 < 6 < 27. The method
2 +7z

To calculate J, we set f(z) =
detailed in [1] leads to

F (Inu)? s fo (Inu + 27i)?

— 2ri (Res(f,w) + Res(f,w?) ) 1
N s By wra du = 2ni (Res(f,w) + Res(f, w?) (1)

Here Res(f, w) (resp. Res(f, w?)) is the residue of f at w = exp(27i/3) (resp. w* = exp(4ni/3)).
(logw)’  (2#i/3)°  8&n and Res(f,w?) — (4mi/3)°  64n (1)

Since Res(f,w) =

o 2w+l i3 2743 —iv3 273
yields
5613
(—6mi)J + (1222)K + (87%)L = 2mi -
273
w0 Inu ®© 1
where K = f ————duand L = J ——— du. It follows that K = 0 and because
o W +u-+l o W +u-+l

L_‘_‘f" du _2<£_£)_2_ﬂ
3 Jo <M>2+1 V3\2 6/ 33

V3

16713

we finally obtain J = and
Y 81+/3

47*

I = .
81+/3

[1] H. Cartan, Elementary Theory of Analytic Functions of One or Several Complex Variables,
Dover, 1995, ch. 111, p. 109.

Solution 4 by Moti Levy, Rehovot, Israel.

1
By change of integration variable x = — , we get
u

du.

_ [ arctan (x) In* (x) _ w0 arctan (71¢> In” (u)
) -

0 2+x+1 0 w>+u+1
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Using the trigonometric identity

tan (x) + arct ! z
arctan arctan | — | = —,
o X 2

we get rid of the arctan factor,

X

I—ﬂfoo In* (x)
4y 2+x+1
1 _ox—1

Xrx+1l B-1

o0 2 0012
I:zj xIn (x)dx_zf n (x)dx

4 )y -1 4 )y x¥*—1

© xIn? (x) * x1n* (x) ' xIn? (x) "In? (x) " xIn? (x
dx=| ————=d ——dx = dx —
L 61 fl -1 x+f0 61 Ll—x3 * L 1 —x3
0012 0012 112 1 12 112
J I; (xidXZJ —I; (xidx—f _ln <x3dx=f —xln (?dx—f ln (xzdx
o X — 1 X o1 =X o 1—X o1 =X
11,2 )
m ( In"(x) n [ xIn” (x)
== dx— 2| 2y
2L1—x3 o 2f0 -0
1 a0
N x3=2x3k, for 0<x<1
k=0
o 1o Al T
IZE,CZOL x*1n” (x) dx—EkEOJO 1 n” (x) dx
I I
2
ny‘lnz(x) dxz%, J)C%Jrllnz(x)dx:—3
0 (Bk+1) 0 (3k+2)

The Polygamma function reflection relation for ¢/ (z) is

2

y@ (1 —2)—y®(2) = 7rd— cot (1z) = 21 (cot n1z7) (cot2 nz + 1)

dz?



_ (_1) (_§ \@79) _ %\fﬂ ~2.7772.

Solution 5 by Perfetti Paolo, Universita di “Tor Vergata'', Roma, Italy.

LOO arctan(x) In*(x W—JJ 7 — arctan )> In®(7) ’

x4+ x+1 r+r+1
t=1/x

hence

* arctan(x) In?(x) n [©  In*(x) n (* d x4
de=" 2 T L
0

x = ——dx
o X+x+1 4 )y x*+x+1 4 da* x> +x+1 " la=
nd* j * x4
= —— ——dx
4da*> J, ¥*+x+1
* x*log” xd
By assuming 0 < a < 1, the integral %C is uniformly convergent respect to a and we
0 X X

can exchange the derivative and the integral by using a standard theorem. To show the uniform
convergence it suffices to find an integrable a functions M(x) independent of a and integrable on

x“log® x

[0, c0) such that < M(x). To this end let’s write
2 +x+1

Jl x“log® xdx foo x“log?® xdx
_— _l’_ _—
0o XX +x+1 X+x+1

aq 2 X1 2 aq 2
and ——2 % o < log? x if x < 1 while %2 T <2 98 Tif x> 1. hence the function M (x)
R2x+1 2 +x+1 x?
1
is equal to log? x if x < 1 and M(x) = og xlf > 1.
00 a Za
To evaluate dx 1 adopt complex analysis. Let’s define f(z) = ———— where
. fO ¥ txtl b P g 1) 2+z+1
7 = |z]e”, 0 < ¥ < 27 and let’s integrate over the curves y; U ¥, U 3
yi(t) =t+ie 0<t<R, y2(t) = Re" 0 <t<2n,
y3(t) = —te*™ —ie —R<t<0, yu(t) = ge™", —m<t<0.

By assuming a < 1/2 (possible because we have to perform the limit ¢ — 0 eventually) and from

lim x¥2*¢f(x) = 0 it follows lim J f(z)dz = 0.
X—00 R—0o0

V2

Moreover
0 a ,—ita 0
et &gle ge~
Jz—dz’<f e Tee (- ‘dt < J2s3dt—>0
w2 tzt+1 gre M + ge” ”-i—l ~—~—J_r —
e<1/2 -0
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g P+rt+1 o P+t+1

J f(z)dz _ J~O (_t)aniandt _ _eZian JvR °dt
V3

thus

lim flz)dz = (1 — &™) JOO | xdx ZHiZResf(z)

2
R=%0 Jy Uyauys o X +x+1

where the residues only of the poles lie in the upper semi—plane. From x* + x + 1 = 0, we have
71 = >3 and 2 = ¢*"/3 We thus have

0 X x 27i eZizm/3 ei47m/3
JO x+x+1 1 —ema\ 20273 + 1 23 4]
2mi -1 . . ar 2 . oan
= 2isin — = —— sin —

—2isin(na) /3 3 /3 sin(ma) 3

and finally
d? 2w . oan 271 8n1? B 1673 4/3

lim ———ssin
a>0 da* \/3 sin(na)

3 381 243

Solution 6 by Yunyong Zhang, Chinaunicom, Yunnan, China.

I J ! arctan(x) In?(x) dx + f * arctan(x) In*(x)
0 !

dx,
x2+x+1 X2+x+1

J "arctan(x) lnz(x)d N f Larctan(y) In*(y)
= x
o X*+x+1 0 yiz T i +1

! 2 ! 2
1 2 3k J 1 2 3k+1
J;) n (.X')X dx = —(3]( 1)3 and . n (x)x dx = —(3k 2)3,

]—ﬂi ! — !
B (Bk+1)3  (3k+2)¥

k=0
117£(3) +2+/37°  117£(3) — 2+/37°
-7 243 - 243 ’
. 4+/373 B 4+/37
243 243
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Also solved by Bruno Salgueiro Fanego, Viveiro, Lugo; Péter Fiilop, Gyomro, Hungary;
Prakash Pant, Mathematics Initiatives in Nepal, Bardiya, Nepal and the problem proposer.

Editor’s Statement: It goes without saying that the problem proposers, as well as the solution
proposers, are the élan vital of the Problems/Solutions Section of SSMJ. As the editor of this Sec-
tion of the Journal, I consider myself fortunate to be in a position to receive, compile and organize
a wealth of proposed ingenious problems and solutions intended for online publication. My un-
wavering gratitude goes to all the amazingly creative contributors. We come together from across
continents because we find intellectual value, joy and satisfaction in mathematical problems, both
in their creation as well as their solution. So that our collective efforts serve us well, I kindly ask
all contributors to adhere to the following guidelines. As you peruse below, you may construe that
the guidelines amount to a lot of work. But, as the samples show, there’s not much to do. Your
cooperation is much appreciated!

Keep in mind that the examples given below are your best guide!

Formats, Styles and Requirements

When submitting proposed problem(s) or solution(s), please send both LaTeX document and pdf
document of your proposed problem(s) or solution(s). There are ways (discoverable from the in-
ternet) to convert from Word to proper LaTeX code. Porposals without a proper LaTeX document
will not be published regrettably.

Regarding Proposed Solutions:

Below is the FILENAME format for all the documents of your proposed solution(s).
#ProblemNumber_FirstName LastName_Solution_SSMJ

e FirstName stands for YOUR first name.
e [astName stands for YOUR last name.

Examples:
#1234 _Max_Planck_Solution_SSMJ

#9876_Charles_Darwin_Solution_SSMJ

Please note that every problem number is preceded by the sign # .

All you have to do is copy the FILENAME format (or an example below it), paste it and then
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modify portions of it to your specs.
Please adopt the following structure, in the order shown, for the presentation of your solution:

1. On top of the first page of your solution, begin with the phrase:
“Proposed Solution to ##*** SSMJ”

where the string of four astrisks represents the problem number.

2. On the second line, write
“Solution proposed by [your First Name, your Last Name]”,

followed by your affiliation, city, country, all on the same linear string of words. Please see the
example below. Make sure you do the same for your collaborator(s).

3. On a new line, state the problem proposer’s name, affiliation, city and country, just as it ap-
pears published in the Problems/Solutions section.

4. On a new line below the above, write in bold type: “Statement of the Problem”.

5. Below the latter, state the problem. Please make sure the statement of your problem (unlike
the preceding item) is not in bold type.

6. Below the statement of the problem, write in bold type: “Solution of the Problem”.
7. Below the latter, show the entire solution of the problem.

Here is a sample for the above-stated format for proposed solutions:

Proposed solution to #1234 SSMJ

Solution proposed by Emmy Noether, University of Gottingen, Lower Saxony, Ger-
many.

Problem proposed by Isaac Newton, Trinity College, Cambridge, England.

Statement of the problem:

- n
Compute =k,
p kz_;)(k) y

27



Regarding Proposed Problems:

For all your proposed problems, please adopt for all documents the following FILENAME for-
mat:

FirstName_LastName_ProposedProblem_SSMJ_YourGivenNumber_ProblemTitle

If you do not have a ProblemTitle, then leave that component as it already is (i.e., ProblemTitle).

The component YourGivenNumber is any UNIQUE 3-digit (or longer) number you like to give
to your problem.

Examples:
Max_Planck_ProposedProblem_SSMJ_314_HarmonicPatterns
Charles_Darwin_ProposedProblem_SSMJ_358_ProblemTitle

Please adopt the following structure, in the order shown, for the presentation of your pro-
posal:

1. On the top of first page of your proposal, begin with the phrase:
“Problem proposed to SSMJ”
2. On the second line, write
“Problem proposed by [your First Name, your Last Name]”,

followed by your affiliation, city, country all on the same linear string of words. Please see the
example below. Make sure you do the same for your collaborator(s) if any.

3. On a new line state the title of the problem, if any.
4. On a new line below the above, write in bold type: “Statement of the Problem”.

5. Below the latter, state the problem. Please make sure the statement of your problem (unlike
the preceding item) is not in bold type.

6. Below the statement of the problem, write in bold type: “Solution of the Problem”.
7. Below the latter, show the entire solution of your problem.

Here is a sample for the above-stated format for proposed problems:
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Problem proposed to SSMJ
Problem proposed by Isaac Newton, Trinity College, Cambridge, England.
Principia Mathematica (<— You may choose to not include a title.)

Statement of the problem:

Compute Z (Z) Ky,

k=0

+ » « Thank You! & « «
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