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Note: This February 2024 issue replaces the former January 2024 issue.
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This section of the Journal offers readers an opportunity to exchange interesting mathematical prob-
lems and solutions. Please email them to Prof. Albert Natian at Department of Mathematics, Los
Angeles Valley College. Please present all proposed solutions and proposed problems according to
formatting requirements delineated near the end of this document. Also, please make sure every
proposed problem or proposed solution is provided in both LaTeX and pdf documents. Thank you!

To propose problems, email them to: problems4ssma@ gmail.com
To propose solutions, email them to: solutions4ssma@ gmail.com

Solutions to previously published problems can be seen at <www.ssma.org/publications>.

Solutions to the problems published in this issue should be submitted before May 1, 2024.

e 5763 Proposed by Rafael Jakimczuk, Departamento de Ciencias Bdsicas, Division Matemdtica,
Universidad Nacional de Lujdn, Buenos Aires, Argentina..

Consider the Diophantine equation in the unknown positive integer n:
dn dn dn
bi(n+a)”" +by(n+a)” + - +b(n+a)" =c

where k, d, c and a;,b; (i = 1,2,...,k) are given fixed integers with k > 2,d > 0, b; # 0 and
a; < ay < --- < ay. Prove that the solution set (possibly empty) of the above Diophantine equation
is finite.

e 5764 Proposed by D.M. Bdtinetu-Giurgiu, "Matei Basarab” National College, Bucharest, Ro-
mania and Neculai Stanciu, ”George Emil Palade” School, Buzdu, Romania.

Let F, denote the nth term of the Fibonacci sequence definedby Fo =0, Fy =1, F,.» = F,. 1+ F,

.. . . a
forn > 0. Let (a,), ., be any sequence of positive real numbers with lim ZH = 2n. Evaluate :

n—w na,

A = lim n+l an+1Fn+1 _on anFn
o |\l (2n+ DN (2n— D!

e 5765 Proposed by Shivam Sharma, Delhi University, New Delhi, India.

n=1




n
1 ) ) ) .
Let s, = —2+/n + Z —— with lim s, = s (Ioachimescu Constant). For non-negative intger

Lk s
m, evaluate:

n+m

L= lim | s"*! —Hsj

n—0o0 -
j=n

e 5766 Proposed by Toyesh Prakash Sharma, Agra College, Agra, India.

T2 3r - 2 St -2 3
%f sin xdx zj sin xdx %f sin xdx - l _
7)o x? T oy X? T )y X? 3

e 5767 Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania.

Show that

Let a, b, ¢, d be nonnegative real numbers such that
ab + bc + cd + da = 4, a>=b>c>d.
Prove that

1+1+1+1+1+1>3
ab+7 ac+7 ad+7 bc+7 bd+7 cd+7° 4

e 5768 Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu, Romania.

Calculate the integral:

dx.

_ J * arctan(x) In(x)

o Xx+x+1

Solutions
To Formerly Published Problems

e 5739 Proposed by Daniel Sitaru, National Economic College "Theodor Costescu"
Drobeta Turnu - Severin, Romania.

Prove that for any triangle AABC:

S T - sin® B sin®C  sin®A

R + +
h; kRl sin®A  sin® B sin’C

where h,, hy, h. are the altitudes respectively issued from the vertices A, B, C.

Solution 1 by Michel Bataille, Rouen, France.



Let F and R be the area and the circumradius of the triangle. Let a = BC,b = CA,c = AB.
Since ah, = bh, = ch. = 2F and 2RsinA = a,2RsinB = b,2RsinC = c, the inequality is
equivalent to

p»¥ S & ¥ A&

stptetatrta W
From an inequality of means, we have
¥ 3 a 1 (P & & 2
st alatrta )

and from AM-GM, we have

b P b: 2 & '
2 ptari\aral 73

hence,

3/2 1/2
> 2 d? > 4 ¥ 2 & NG ¥ 3 a
2tpta) T\atrta) \atpta)zVilatrta)

Combining with (2), the desired inequality (1) follows.

Solution 2 by Albert Stadler, Herrliberg, Switzerland.

By the law of sines,

h, b smB h, ¢ sinC h, a sinA
h, a sinA’ h. b sinB’ h, ¢ sinC’

So

Booh B sin’B N sin’C sin’A
RS hd B} sin*A 0 sin’B 0 sin’C

By Holder’s inequality,

2

>3(1+1+1)».

W=

sin’B sin’C sin’A sin’B sin’C sinA
+ + < +

. . . ~ . . .
sin’A sin’B sin’C sin’A sin’B sin*C

It remains to prove that

2
sin’B sin’C sinA |\’ 1 sin’B sin’C sin’A
) . 3 . 3 (1+1+1)<3 . 3 . 3
sin”A sin” B sin”C sin”A sin”B sin”C



sin’B sin’C sin’A

-3 S, T 3
sin"A sin” B sin”C

which is equivalent to > 3. However this inequality follows from the

AM-GM inequality:

1 (sin’B sin’C sin’A - sinB sinC  sinA
3 \sin®A  sin®B  sin®C )/~ sinA  sinB  sinC

Also solved by the problem proposer.

e 5740 Proposed by Ivan Hadinata, Senior High School 1 Jember, Jember, Indonesia.

How many integers m are there for which the volume of parallelepiped determined by vectors
u=2023, m, 1 —m), v = (m, 2—m, 4046), w = (6069, 3 —m, m) is equal to 6(2023% + 2023)?

Solution 1 by the Eagle Problem Solvers, Georgia Southern University, Savannah, GA and
Statesboro, GA.

There is only one such integer: m = 0.

The volume of the parallelepiped is given by ‘u - (v x w)|, which is the absolute value of the deter-

minant of the matrix

2023 m 1—m
M = m 2—-—m 4046
6069 3 —m m

The determinant of M is given by
det(M) = —4 - 2024m? + (8 120232 + 112023 + 3) m—6 (20232 4 2023) .

If det(M) < 0, then we require

4. 2024m? — (8 120232 4+ 11 - 2023 + 3) m—+6 (20232 + 2023) 6 (2023»2 n 2023)

m (4 - 2024m — <8 120232 + 11 - 2023 + 3)) ~0
Am (2024m _ (2 20232 + 5564)) _0,
16187
so that either m = Qorm = 1 & 7.

On the other hand, if det(M) > 0, then we must have
_4.2024m + (8 120232 + 11 - 2023 + 3) m—6 (20232 + 2023) _6 (20232 + 2023)

0.

2024 (4m2 _ 16187m + 24276>
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The discriminant of this quadratic equation is
16,187% — 16 - 24,276 = 261,630, 553,

which is not a perfect square, so the solutions to this equation are not integers. Therefore, the only
integer m that satisfies the volume condition is m = 0.

Solution 2 by Michel Bataille, Rouen, France.

We show that there is only one possibility for m, namely m = 0.

We want the volume 6(2023% + 2023) to be equal to |§| where ¢ is the determinant

a m 3a
m 2—m 3—m
1—m 2a m

(setting a = 2023).
Adding the rows 2 and 3 to the first one and other manipulations give

1 2 3 1—m m m 0 m—2a 0
d=(a+l)l m 2-m 3—m|=(a+l)| m 2-m 3—m|=(a+1)| m 2—m 3—m|,
1—m 2a m 1—m 2a m 1—m 2a m

thatis, § = (a + 1)(m — 2a)(3 — 4m).

Thus, we are looking for integers m such that 2024(m — 4046)(3 — 4m) = 6 - 2023 - 2024 or
2024(m — 4046)(3 — 4m) = —6 - 2023 - 2024.

The latter leads to the equation m(4m — 8a — 3) = 0 whose only integral solution is m = 0; the for-
mer leads to 4m* — (8a+3)m+12a = 0. But A = (8a+3)*—4-4-12a = 64(2023)> —144-2023 +9
is not a perfect square (since A = 3 (mod 10)), hence 4m* — (8a + 3)m + 12a = 0 has no integral
solution for m. The announced result follows.

Solution 3 by David A. Huckaby, Angelo State University, San Angelo, TX.
The volume of the parallelpiped is equal to (# x v) - w. Now u x v is
i j k

2023 m 1 —m|=[4046m — (1 —m)(2 —m)]i — [((2023)(4046) — m(1 — m)] j
m 2—m 4046

+ [2023(2 —m) - mz] k.

So (uxv)-wis



6069 [4046m — (1 — m)(2 — m)| — (3 — m) [((2023)(4046) — m(1 — m)]
+m [2023(2 —m) — mz] .

Expanding and simplifying, this becomes

2024(4046 — m)(4m — 3).
Since 6(2023 + 2023) = 6(2023)(2023 + 1) = 6(2023)(2024), we seek integers m such that

(4046 — m)(4m — 3) = 6(2023).

This quadratic equation, which can be rewritten 4m? — 16,187m + 24,276 = 0, has the two solu-

16,187 + 4/261, 630,553
8

tions m =

, neither of which is an integer. So there is no integer m that
fits the criteria.

Solution 4 by Brian Bradie, Department of Mathematics, Christopher Newport University,
Newport News, VA.

The volume of the parallelepiped spanned by the vectors u, v, and w is given by |u - (v x w)|.
Now,

2023 m 1—m
u-(vxw) = m 2—m 4046
6069 3 —m m

— (2023 + 1)(4m® — (82023 + 3)m + 6 - 2023).

Ifu- (v x w) = —6(2023% + 2023), then 4m*> — (8 - 2023 + 3)m = 0 and

On the other hand, if u - (v x w) = 6(2023% + 2023), then 4m> — (8 - 2023 + 3)m + 12 - 2023 = 0

and

_ 16187 £ /261630533

— 2 .
Thus, there is only one integer m for which the volume of the parallelepiped determined by the vec-
tors u = (2023, m, 1 —m), v = {m,2 —m,4046), w = (6069, 3 —m, m) is equal to 6(2023* +-2023),
and thatis m = 0.

m

Solution 5 by Brian D. Beasley, Simpsonville, SC.



We show that the only such integer is m = 0.

Let n = 2023. Then the volume of the parallepiped determined by the three given vectors is

n m 3n
V = |det m 2—m 3—m
1—m 2n m

Thus in order to obtain V = 6(n* + n), we require
|(n + 1)(8mn + 3m — 4m* — 6n)| = 6n(n + 1).

Since n # —1, we consider two cases:
() If 8mn + 3m — 4m* — 6n = 6n, then

B 4m? — 3m

8m — 12
But n = 2023 produces non-integral values for m.
(i) If 8mn + 3m — 4m* — 6n = —6n, then
m(8n + 3 —4m) = 0.

For n = 2023, 8n + 3 — 4m cannot be zero for any integer m. Hence we conclude m = 0.

Addendum. To generalize, we let u = (n,m,1 —m),v = (m,2 — m,2n), and w = (3n,3 — m,m),
where 7 is an arbitrary integer, and we seek all integers m that produce a parallelepiped with volume
V = 6(n* +n).

If n = —1, then
(m* — 6)u + (4m —3)v = (—m* + m — 2)w,
so the three vectors are not linearly independent.

Next, for case (i) above, we show that if m and n are integers, then (m,n) = (0,0): If 8m — 12
divides 4m”> — 3m, then it also divides

36 = 8(4m* — 3m) — (8m — 12)(4m + 3).
Since 8m — 12 divides 36 and is divisible by 4, we have
8m — 12 € {+4,+12,£36} = me{-3,0,1,2,3,6}.

But 4 must also divide m, so we conclude that m = 0 and thus » = 0. Hence in this case, 3v = 2w,
so the three vectors are not linearly independent.

Finally, we observe that for case (ii) above, 8n + 3 — 4m # 0 for all integers m and n, as other-
wise 3 = 4(m — 2n). Thus to produce an actual parallelepiped with the desired volume, we must

7



let n be an integer with n ¢ {—1,0} and take m = 0.

Solution 6 by Albert Stadler, Herrliberg, Switzerland.

The volume of the parallelepiped equals

The equation —8096m” + 32762488m — 24567312 = 6 <20232 + 2023) has no integer roots.

2—m 4046
6069 3 —m

_ ‘—8096m2 +32762488m — 24567312‘ .

The equation —8096m> + 32762488m — 24567312 = —6 <20232 + 2023) has the rational roots

m=0 and m=16187/4.

So the only integer m for which the volume of the given parallelepiped is equal to 6(2023°+2023)

1s m=0.

Also solved by Bruno Salgueiro Fanego, Viveiro, Lugo, Spain; and the problem proposer.

¢ 5741 Proposed by Paolo Perfetti, dipartimento di matematica Universitg di “Tor Vergata", Rome,

Italy.

n n
Let (a;),—, be a non-decreasing sequence with 0 < a; < k. Define A, := Z apand S, := Z a,
k=1 k=1

for @ > 1. Determine whether or not the following series converges:

o0

1 1
2 S <F CAY
k=1 k

k+1

Solution by the problem proposer.

Proof Let’s assume that the series

converges. We can prove

Proof of (2)




n 07
Sy a;

A¢ n/2 @
k=l < j=1 aj+ 2 n/2+laJ)

n/2
/ a; : a;
- + ),

n/2 @ n/2 @
=1 (Z/ aj +Z] n/2+1aj> k=3 (Z/ aj +Z] n/2+1a1>

ay a, n (10 $ a;
gz » a+2w<§m+2ﬁ<
k=1 <Zj—n/2+l aj) k=3 (Zj:l aj) 14n/2 k=3 <Zj=l aj)

< (g) + Z ( _laj>a <ete q.e.d.

k=1

N

=~

Sal S, S, < 1 1
2iae = F—E—Z“IQQ—E>

k=m m k=m k—1 k
whence
= 1 1 Se Su W a
LSl w | T A
k=m k—1 k

Now by (2) for any m (and then n) large enough

A S
0<— , 0<—
<Ag<8 <A%<8

and by (1)

a

" a
0< > £ <& (Cauchy criteri
kz As e (Cauchy criterion)

hence (2) together with the convergence of (1) yield the result.

The last step is the convergence in (1) which is the content of D.Borwein, American Mathematical
Monthly, Vol.72, No.6.(Jun.—Jul., 1965), pp.675-677. The result is

Proposition Let {a;},~1 be a sequence such that 0 < a; < a;| < k + 1. Then for @ > 1 the series
Q0

Z i ' converges
o \A '

Borwein’s proof 1f ay — [, then a; < Cl and A, > Ckl for a suitable positive C whence



Let a; — +oo and let N, be the set of integers such that S, > ka,/2, k € N;.
o8] a [ oo 2a a
Z (—k) < Z (—k) < 4o
keN Ak keN; kak

Let N, be the set of integers such that S; < ka,/2. We need a Lemma

Lemma Letd, > 0,dy, =0, D, = Z d, — +oo. Let f: [xo, +0) be a decreasing function such

k=1
+0o0

+00
that f(x)dx < 4oc0. Then Z dif (Dy) converges.

X0 k=1

10



Proof of the Lemma

Z dkf(Dk) Z(Dk Dk 1 Dk Z J dx = +OO f(x)dx

Dy dp

End of the proof of the Lemma

*A A,
Letd, =a,,d, = — — = de — — +00. Indeed
n

S, a[%]Jrl +...+a, (n— [g] - 1) 1
—_— = = ] = T n] —
n n n %1+[1] 3a1+[i] T
Moreover
Sk A A fae 1
k k—1 k \Ay &k

Indeed it is equivalent to

A - A Ak A Ak
< —
—1- %k R’ Kk—1) S F

and this evidently holds true.

d ) +00
It follows by the Lemma that Z —]; converges since f — converges for @ > 1. Moreover
1 X

keN, "~k
kP A k“
T L ICRIES

keN, k keN, keN,
e (——1)“—';=2 ()5 =25
kENz Ak k Ak kENz kak Ak kGNz 2 A

There was no solution submitted by any other problem solver.

e 5742 Proposed by D.M. Bdtinetu-Giurgiu, “Matei Basarab” National College, Bucharest, and
Romania, Neculai Stanciu, “George Emil Palade” School, Buzdu, Romania.

Suppose (x,),=; is a sequence of postive terms with lim x,/n! = m. Define E, Z 1/k! and

n—0o0
let0 <a# 1.If f:(0,00) — (0, 0) is a continuous function, then compute
aEn+l

L= lim x,, J f(x)dx.
n—00

akn

11



Solution 1 by Ulrich Abel, Technische Hochschule Mittelhessen, Friedberg, Germany.

X

Let F be an anti-derivative of f and define g (x) = a’.
real number &, with E,, < &, < E, such that

By the mean value theorem, there is a

akn
/

Xn+1 (En+1 - En) ) (F © g) ‘fn)
Xn+1

(n+1)!

Xn41 J“E”“ f(x)dx = Xup1- (F (g(Ew1)) — F (g (En)))
(

F'(g(&) -8 (&)

Noting that lim E, = e we obtain
n—00

Solution 2 by Albert Stadler, Herrliberg, Switzerland.

By the mean value theorem for integrals there is a value [aE", aE"“] such that

f C =) (0 —at).

akn

By the mean value theorem there is a value € [E,, E, 1| such that

1
af+ — af = (loga ) a (E,., — E,) = (loga )a(n )
So
aEn+l 1
L= lim x,, J f(x)dx = lim x,1f () (loga ) a = nf (a°) (loga ) a°.
n—0o0 aEn n—00 (l’l + 1)'

Solution 3 by Brian Bradie, Department of Mathematics, Christopher Newport University,
Newport News, VA.

Because f is continuous on the closed interval [aE", aE”“], by the Extreme Value Theorem, there
exist numbers c,,, cy € [a", a"+'] such that

flew) = min  f(x) and f(cy)= max f(x).

xE[(lE” ,(lE"‘H ] xe[aEn ’aEnJrl]

It then follows that

afnti

X1 f(cm) (@4 —a®) < i f f(x)dx < xp1 f(en) (@ —a™) .

akbn

12



Now,
lim E, = e,

n—00

and, for large n,

Ina 1
Evet _ En _ _E, 1/(n+1)!_1> ~ b 0| ——=
@t —a" = " (a ¢ ((n+1)!+ (((n+1)!)2)>’

SO

lim f(c,) = lim f(cy) = f(a®)

n—o0 n—00
and X

,,113.10 Xnt1 (aE”“ - aE”) = nlglgo mi—+1y -a¥Ina = na’Ina.
Finally, by the squeeze theorem,
aEn+l
L= lim x,, J f(x)dx = na‘f(a®)Ina.
n—oo afn

Solution 4 by Michel Bataille, Rouen, France.

We claim that L = (rlna) - a°f(a°).

The change of variables x = a' gives

abntl o
f f(x)dx = (lna)f af(a)d:e.

afn E,

Let G denote a primitive of the continuous function g(7) = a'f(a") on (0, 00). Then we have

[S—
5y

En+]
"f(a")dt = G(E,+) — G(E,) = (Epy1 — E,)G'(6,) =
|, @y = (e - 6B = (Eva - E)G6) = s
where 0, € (E,, E 1 1).
If a > 1, then a® < a” < d®+', while a®+' < a” < a¥ ifa < 1.

Since lim E, = lim E,.; = e, we see that lim a” = a° (in any case) and since f is continuous,
+
n—oo0 n—ao0 n—0o0

lim a® f(a™) = a°f(a®) > 0. We deduce that
n—o0

< ST
Ln af(a)dt ~ CESI] asn — oo.

Since x,,1 ~ (n+ 1)!7, we obtain

Xnt1 J; f(x)dx ~ (n+ 1)!r- (Ina) (a;];(cie))! = (rlna) - a’f(a®)

13



as n — oo and the claim follows.

Also solved by the problem proposer.

e 5743 Proposed by Shivam Sharma, Delhi University, New Delhi, India.

Prove that

X

o0 20:1 kx % 78
L (Z {9} )dxzﬁgﬁ7%“$“$_3%m)

where {.} denotes the Fractional Part, H; denotes the Harmonic Number and () denotes the Rie-
mann Zeta Function.

Solution 1 by Yunyong Zhang, Chinaunicom, Yunnan, China.

1 1
Lety=—-, x= -,
X y

J- H
o [ 2l E
=1

0
kA Hi
1 Z{§k_8 1 o0
k=1~ | Hkk 7
I= Bl ax=| [E— | (5)dy = 2y d
fl —— |dx L — [ L(Z kg{y}y> y

¥

1
k k
Now evaluate J = f {=}x"dx. Let — = t.
0 X X
oKk S o (-1
J = = x =dr= | —={e}dr =&" dr
J]; { } t7 x t2 L t9 { } {IZZ](JI t9
X 0 [+1 1 I+1 1
=k —dr —1 —dt
; J] t8 J; t9

O e R e

14



0 Hk 1oo k 1
:Zk7-56_§z [ 2_8]
1 z 1
:%[4200 (3)¢(5 ]——SmwhlchS:Z;[ 21—8]

=1

k
1

Now evaluate § = [ 2 ] H,. Leta,=H,, b, = 5
I=n+1

A = Zak ZH n+1 — 1) Ak = (k + 1)(Hk+1 — 1)

o0
According to Abel Theorem Z aiby = lim (A,b,. 1) + Z Ar(by — bri1)
n—aoo
k=1 k=1
1 - 1
§ = 1lim | (n+1)(Hp — 1) > A > [m] (k+ 1)(Hirr — 1)

» [(kli]i+f>7 ) <kj 1)7]

- ; [?kkis; - (k+11)7]
:é (kfklﬁ +,§1 ( :1)8 _g (k+1 1)7
T M) + £8) ~ 1 (7))
= T LB)(S) + L8) )
- 56"700 - L BN05) — o L3)05) - 1e8) + )

_Q = 8 1 B 1 B 1
T8 5( JEB)+ ”(56x4200 8 x 7560 8><9450)

— 3 s -

8
Q.E.D.

Solution 2 by Narendra Bhandari, Bajura, Nepal.

Interchange of integral and sum yields
o H, {kx}
| (Eer) - 5

15



Let 7 be the integral. Then enforcing the substitution kx — x yields

8 {} 8 —J 8 J 1
I=k dx —kZJ dx_k;[@—ﬁ]j
< 11
= k8 _J - _Z
2 (8(j+ P 877 7 ((j

-3t

J
_|_
A | 1 x 1 1 1 KBS 1
k® —t+— | =i — — = — S
+ Z(7j7+8j7) Z( 56(j + 1) 8(j+1)8+56j7> 5 Z(ﬂ (j+1)7>

J

v~
telescoping series

KBS 1 i Ll | ko1 g
SOy ik O RD I oyl el 8 LU R W oy
j=k Jj=0 Jj=0
Therefore,
1 &SH 18 L 1 &H 18 ki
A= Y- L | d®) =Y P h - DI A GOEDI
56 & k7 81; S+ 1) 56,; 7 8; ;]8

To solve the latter summation, we employ Abel’s summation formula, namely

Zakbk = hm A bn+1 + ZAI‘ bk bk+1)
k=1

n

k
where A, = Z ai. Choose a, = Hy and by = £(8) — Z 1/, and we get that

=1 =
0 k n+1 0
1 . k+ Hk+1_1)
2 Hi | 48) = 3 55 | = lim (0 1)(Hur = 1) | £(8) Z] Z
k=1 J:l ]:1 k=1
o0 o0 o0
(Hk+1_1> Hk 1
—0+ D N i s
LGy A A

In the above calculation, we used the well-known result,z H; = (n+ 1)(H,+; — 1). Putting the
k=1
result of the latter sum back to A gives us
1l SH 19H 1431 3 K H, g
A=— ) ——=>) —+=->) —=—— > — —. 1
56,;k7 8];k7 8,;15 2§k 8 M

Using the classical Euler’s formula for harmonic sum, we obtain that

= - L))

16



Putting the value in (1), the announced closed form is proved.

Solution 3 by Albert Stadler, Herrliberg, Switzerland.

We have

B fu{ixi) dx %fﬁmksf(ﬁ}mgmkSEﬁ)lmdx

n=0

:ksifl xX+n+k dx—kSZf n+k dx —

S (x+n+k)’ (x+n+k)’

8\ 1 B 1 r n+k n+k B
:k,§<7(n+k)7 Tn+k+1 > Z( 8(n+k+1)8>_

So

[ PR oY (VR o LT 3% (L o
1 X 56 8 ns | &8 “\s6k 8 4 us )

We have

n? nt n® S
ifni int >2. In addition, (2) = —, (4) = —, (6) = —,
if n is an integer n addition, (2) 3 (4) % (6) 945() 9450
Furthermore
1 I S 1
=— "log’ x dx, - = log’x d
(n+ 1P 5040Lx°gx * n;mnf% 5040 ol—xng *
and .
oo (1 —
ZH,J:M, x| < 1.
k=1 -
Hence

ZH Z 1 inl X~ loex dx — 1 fllog7xlog(1—x)d 1 (3)(5)—(7)
¢ ns_ T5040 &k | T OB YT 5040 |, =T 300" ‘

(1—x)°
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The integral was evaluated with Mathematica by executing the command

Integrate[Log[x] A 7Log[1 — x]/(1 — x) A 2,{x,0, 1}]/5040.

o (3 {kx) He * 1 1 &1
J Lgks dx:ZHk _7__2 —|=
1 X = 56k 8§ Z.n

1 = 11
- o (mo e <5>> i (pr-0-m) -
(7) 3 S
=% "0 " 3530

1 Jl log’xlog (1 — x) Iib d il> (with
«paper an cncil» (with-
5040 Jy — (1 —x  P® P

out the help of a computer) we start from Euler’s evaluation of the beta function

() (v)

(u+v)

Finally,

This completes the prove. To evaluate

1
- J (1 —x)""'x"'dx, Re(u) >0, Re(v) > 0.
0

We differentiate this equation seven times with respect to v and then set v=1:

d’ (v) C (w+2) d ((ut+v+1)(v+1) I PP B
(u)ﬁ<(u+v))‘v_l_u(u+1)ﬁ( (u+v+2) )|v_0__L(1 x)" logixdx, Re(u) > =7.

Then

J‘110g7xlog(1—x)d d [ (u+2) d_7<(u+v+1)(v+1))

(1—x)? T du u(u+1)dv’ (u+v+2) .
V= u=—1
d [ (wu+1) d [(u+v)(v+1)
du \ uu—1)dv’ \ (u+v+1)
u=0
1
Let ( Z azt and ) Z b.Z* be the Taylor expansions of I'(z+1) and 1/T'(z+1)

around z=0. It is known (1. S Gradshteyn / LM. Ryzhik, Table of Integrals, Series, and Products,
corrected and enlarged edition, Academic Press, 1980, formula 8.321 & 8.363.1) thatay = 1,a, =

—v, and
“(z+ 1) =
(z+1) :_7+Z(_
e () () - Setae we (e S
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Therefore
d [ u+1) d (w+v)(v+1)

du \ u(u—1dv (u+v+1)

V= u=0
i k+1
= —7! [ul] [v7 Z W' aplapyb(u+v) =
h=0,i=0,j20,k=0
— i i m-+n
= -7 [ul} [v7] Z u" laiu’ajvjbm+n_1 " " =
h=0,i=0,j=0,m=0,n=0,m+n=>1

9—j 8—j 7T—
= -7! Z aoajbg_j< ’ J >—7’ Z a,‘(ljb7_j( 1 J )—7‘ Z aiajb6_j< 0 J ) =
0

0<j<7 <i<1,0<<7 0<i<2,0<j<6

9_ i
= -7 Z ajbg_j( 2J>_7! Z aibi_; (8 —j) =1 (ap + ai + a2) Z ajbs_; =

0<j<8 O<J<7 0<,j<6
1
= -7! 2 a;bs_ ]<2] ]—1)—8]+36)+7‘ 2 jajbi_; =
0</<8 0<]<7
T2+ 1) (2t 1) 6] e+ 1)
=—7![6]—+8-7![7]—+7!1— []—:
¢ 2(z+1) ¢ (z+1) (=7 (z+1)

= —7!% (7(8)+2(4) +2(3)(5) +2(2)(6) + 2y (7)) + 8- 71(8) = 7! (1~ ¥) (7) =

-7 (e - ®) 9 -0).

in agreement with the result obtained by the computer.

Also solved by the problem proposer.

e 5744 Proposed by Toyesh Prakash Sharma (Student) Agra College, India.

Solution 1 by Albert Stadler, Herrliberg, Switzerland.

Show that

Let z>0. Then




o0 -zt

0 VI

The integral

dt converges absolutely in Re(z)>0 and uniformly in Re(z)>€>0, and there-

fore represents an analytic function in Re(z)>0. Hence, by the principle of analytic continuation,

00 e—zt T
dt = »/—, Re > 0,
L i \ﬁ @)

where 4/z is the main branch of the square root defined by +/z = |z]e%imgZ ,

So

® cos (Inx? ) + isin (Inx? 0 in? x=¢' oo (1-2i)
[Feosine) viintoe) (= o 2t

dx
x2+/Inx x2+/Inx

We separate real and imaginary part and obtain

Jw cos (Inx? ) p <1 - )
— L dx= —cos arctan2 | ,
1 x2+/Inx

1
2

JOO sin (lnx2 ) J
— L dx =
!

arctan?
x2+/Inx )

Finally

o
(7o) « (7 5er) -
)

-r<arg z<m.

— T _ L e%iarctanZ
1—2i NG '

- cos? <larctan2 + sin® <larctan2) -
V5 2 2 V5 '

Solution 2 by Ankush Kumar Parcha, Indira Gandhi National Open University, New Delhi,

India.
Let |
®© cos (Inx?) 50 (@ ) o - (1-2i)x
& = J —( )dx’—/zbf cos( x>e_xdx=> ERJ dx.
1 xX*+/Inx 0 Vx 0 VX

Now using Mellin Transform and M {e~*'} (z) = I'(z)/a’

o0 ef(l 2i)

RN

Y

1
AslIn(x + iy) = 3 In <x2 + y2> + iarctan (— , then

=
N——

5 5 5

1 2 ; arctan t 2
\/E‘R{ : l} = E‘R{%el%} — A ZR{ Vs (COS <arc2an

20

O \/}.de—‘R{M{e‘(l‘z")x}(%>}—‘R 51<—i>21 —ﬁm{\/@}.




N . (arctanZ)
V V5 2 '

Similarly
% sin (In x? tan 2
flzf de= dl Sin(arcan >
1 x2+/Inx V5 2
Then

(i) (o) - (oo (=52)) (oo ()

Hence the equality is proved.

Solution 3 by Brian Bradie, Department of Mathematics, Christopher Newport University,
Newport News, VA.

Consider the more general problem of evaluating

([Festhden) o ([ smner)

for some real number «. Let

foo cos(In x%) J d J foo sin(In x®)
= | ——dx an = | ——=dx.
1 x2VInx 1 x2+/Inx

With the substitution # = In x,

0

o0
1= f u"2e" cos(au) du = Ref u~ eI gy
0 0

and
o0 e} )
J = J u2e™" sin(au) du = Imf u~ e (=i gy,
0 0
Now,
@© . 1) \/7? 1o —1
—1/2 —(1—ia)u _ e N—12 sitan™' @
u ‘e du=T{=|(1—ia = ——¢2 ,
JO <2 ( ) V1+a?
SO /i Jr
b4 1 b4 1
I=—Y"_cos|=tan"' a) , J=———sin (— tan™! a) ,
V1+ a2 <2 V1+a? 2
and

2 2
o0 1 0% O L1 1 o4
f—cos(nx)dx + J —sm(nx)dx — PP
1 x2v/Inx 1 x2+/Inx V1 + a?
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In particular, with @ = 2,
2 2
* cos(In x?) * sin(In x?) n
x|+ x| = =
1 x*+/Inx 1 x*+Inx V5

Solution 4 by G. C. Greubel, Newport News, VA .

First consider the integral:

dx

7 = foc cos(In(x?))

x2 v/Inx

which can be evaluated by making use of the change of variable # = In x which leads to

J JOO cos(2 Inx) J
= | ————dx
1 1 2% V/Inx

0¢]
e cos(2u) u~"? du

Q0
J (e—(1+2i)u+e—(1—2i)u> V2 du
0

\@(¢1+2i+ V1 —2i).

The second integral follows the same pattern and is

I
= ] — —

* sin(In(x?)) —i |z . .
ngﬁ xz—\/mdx=7\/;(\/l+2l—\/l—21).

Now consider a more general problem in the form

[ (7 cos(In(x?)) . ! * sin(In(x?)) . !
""(L 2 Vinx ") *(J 2 Vinx d) |

With the evaluated integrals then

f :2_1p (g)pﬂ ((\/1+2i+ V1=2i)P + (—=i)P (V14 2i = V1 —2i)”>.

This is the general result desired. To reveal some interesting cases first consider setting p — 2p

22



which yields

’217:41(%) ¢1+2l+¢1 20)% + (1)p(\/1+2i—\/1—2i)2”)
-5 (&) (0= var+cra-vey)

()

=§(§)p(< #VBE) ¢ (1P (L~ V5F)

-3 (g)” ((1+ (09 L, + V50— (1) F).

where 2a = 1+ /5 2 =1— \G L, and F, are the Lucas and Fibonacci numbers, respectively.
Now setting p — 2p and p — 2p + 1 yields

2p
b
- (2) 1

r (7\*7
Lypyo = \_B 5 Fapir.

Another interesting relation can be obtained by using n! Z(n) = 2"~ |B,| 7" which yields

2T(2p +1)4(2p) Loy

T (10)% By
;o 2T@p+ 1)4(2p) Fapi
s (10)27 |B,,)|

These last two formulas combine the Gamma function, Zeta function, Fibonacci and Lucas num-
bers, and Bernoulli numbers into the result.

Returning to the proposed problem set p = 0 in

\?
5 Fapi

I4p+2 =

Sl

to obtain
L, =

Sl

which is the desired result of the proposed problem.
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Solution 5 by Henry Ricardo, Westchester Area Math Circle, Purchase, NY.

/2

The substitution x = ¢' /“ transforms the cosine and sine integrals into

0 0
\@J e cos(t*)dt and \/EJ e sin(#%) dt, respectively. (2)
0 0

In a College Mathematics Journal article (Vol. 40 (2009), No. 4), Hongwei Chen proves the
following formulas for these Fresnel-like integrals

* 1 7r t+ A/ + p?
J e~ cos(px®) dx = = — 2—2p
0 “+p

© e —t+ A/ +p?
e smpx 5 5 .
0 r+p

With t = 1/2 and p = 1, we apply these results to the integrals in (1) to get

\ff % cos(#? dtzﬁ 10+ 10V5
10
ﬁj e " sin(f?) dr = VAV -10+10V5
o 10 ’

which implies the desired result after some routine algebra.

Solution 6 by Michel Bataille, Rouen, France.

The change of variables x = ¢’ gives

o0 1 2 "0
A ;:J de — | 2ecos(2r)dt
1

x2+/In x Jo
and ” ) -
- .
Bi= J sinnx) e = [ 12 sin(2r) dr
1 x2+vInx Jo
so that

2

0
A’ + B> =|A+iB]* = J 7 12e7(1720 gy,

0
' .. Tla+1)
We know that if @ > —1, then the Laplace transform of 1% is ———— (Re(s) > 0). It follows that
s(Z

o}
A + lB — f t71/2efl‘(172i) dt — r<1/2>
0 (1—2i)1/2

and
(r(1/2) =
—207F "5

24

A’ + B> =




(since I'(1/2 = +/m and with the principal determination of z'/?).

@ INa+1
Note that J e 't dt = M
0 SCH-I

for @ > —1 and Re(ss) > 0 can also be obtained as follows: it is

o0
easily checked when s is a positive real number (change of variables u = st); since s — J e 1" dt
0

is ananlytic in Re(s) > 0, the result follows by analytic extension.

Solution 7 by Péter Fiilop, Gyomro, Hungary.

After performing the ¢ = In x substituion at both integrals, we get:

o0 o0 0
I = cos(2¢) ot — 1 i1 2t gy 4 1 11200t gy
e \/t 2 2
0 0

Similar to the second integral:

o )
t
IQZJSIH( )etdl:
t
0

0

e}

ft_;e(—wzi)zdt _ l ft—ée(—l—%)tdt
2

0

1
et \/ 2_1

1
0

Let’s apply the u = (1 — 2i)¢ substitution to the first integrals of I, and I,, and apply the
u = (1 + 2i)t substitution to the second ones of /; and I, we get:

e @] 0 ¢]
l i 1 1 1 1 1
I == |[(1=20)"u e "du+ = f(l +2i) 2u 2e "du
2 | 2
0 0
o0 0
1 i 1 1 1 1 1
L= Z_ZJ (1 —2i)"2u 2e "du — % f(l +2i) 2u 2e "du
0 0

e¢]
1
Since Ju_ée_”du = F(E) = +/m, the values of I; and I, are equal to the following complex
0

numbers:
1 N1 1 nol
I = 5(1—21) 2\/m+ §(1+2l) 2\/r
L, = l(1 — 2i)‘% - l(1 +2i)‘% NC
DY 2i

Finally we can calculate the value of I7 + I

L+5=
%(u—znfuwl+my*+2u—zo*ql+my%)—g(u—zn*hwl+my*—2u—20*ﬂ1+my%>
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Solution 8 by Srikanth Pai, International Centre for Theoretical Sciences (ICTS-TIFR), Ban-
galore, India.

Let us denote the integral on the right by /. Now consider the integral

J foo exp(iln x?) J cos(In x?) L cos(In x?)
=| ——dx=|—=|+i|— .
1 x*+/Inx x2V/Inx x2v/Inx

Note that I = |J|* by linearity of the integral operation. If we substitute In x = u*, then we can use

X .
— = 2udu to obtain:
X

© 2 2
J = f 2¢" e du
0

Using a change of variables w = u /1 — 2i, we get

T

V5

1=|J]*=

Jw 2 dW
2e
0 V1-—2i

In the last step, we have used the fact that |1 — 2i|* = 5 and the standard Gaussian integral

Solution 9 by Yunyong Zhang, Chinaunicom, Yunnan, China.

Letr= Vinx, £ =1Inx, x=e¢, dx= x2dt
o0 l 2 o0 2[2 o0 2 212
J cos(In x )dx _ J cos(2 )2tdt _ J cosg )dt
1 x2+/Inx 0 et 0 el

264 cos(2t2) _ 67(1721‘):2 + ef(l+2i)t2

®© _2 ﬁ ®© o2 \/7?
e dx = —, e dx = ——
0 2 0 24/z

Joo2cos(2t2) T 1 1 VAT H2i+ V1 -2i
dr = + =
V1=2i 142 2 NG
1+2i= \fSeim, 6 = arctan2

0 e’ 2
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1+

4 1 9 \
\/1+2i+\/1—2i:\/§(32+e 26)—2{005—_2[ 1 +cos@ 245

£ 2 /1+ /
J 2cosg2t)dl:\/ﬁx <2 x B % 1+\f
0 el 2 V5

Similarly

% gin(ln x2 © 92 gin(22 —1
J sin(In x >dx=f sin( t)dtz \/Esin (arctan2> _ (\/g—)ﬂ
1 0

x> /Inx e’ V5 2 10
2 2
foo cos(lnxQ)d . JOO sin(lnxz)d (V5 + 1)7r+(\@— Dr 57 o«
1 x24/Inx 1 x24/Inx 10 10 5 V5
Q.ED
Appendix

© 2 sin(242 . .
J Sln(2 )dt :J 26_[2 sin(2t2)dt :J e~ ( -2 21t2>
0 et 0 0

o0
. (14202 (1+2i)t2> dr = \/E 1 \/ _ \/ >
=1 e e t=1 1—-2i— V1 +2i
Jo ( 2 VIi+2i \/7

il i 2 v ] ]
=Lxﬁx45(e_29—e§)=— \@lxsin—xi, 6 = arctan 2
V52 V5 22

f * 2in(2£%) d = \/r x V5 < sin arctan2 /5 sin arctan 2

— = 7T —_— =

o e V5 2 V5 2

, (arctan2 1 —cos(arctan2) 1 — ﬁ V5 -1

sin - -
2 2 2 +/20

arctan 2 V5 -1

sin =
2 V20

\/Esinarctan27\/7r \@—17\/; V5-1  [(V5-1D)n
V5 2 5\ w20 TV V2005 10

Also solved by Prakash Pant, Mathematics Initiatives in Nepal, Bardiya, Nepal; and the prob-
lem proposer.

Editor’s Statement: It goes without saying that the problem proposers, as well as the solution
proposers, are the élan vital of the Problems/Solutions Section of SSMJ. As the editor of this Sec-
tion of the Journal, I consider myself fortunate to be in a position to receive, compile and organize
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a wealth of proposed ingenious problems and solutions intended for online publication. My un-
wavering gratitude goes to all the amazingly creative contributors. We come together from across
continents because we find intellectual value, joy and satisfaction in mathematical problems, both
in their creation as well as their solution. So that our collective efforts serve us well, I kindly ask
all contributors to adhere to the following guidelines. As you peruse below, you may construe that
the guidelines amount to a lot of work. But, as the samples show, there’s not much to do. Your
cooperation is much appreciated!

Keep in mind that the examples given below are your best guide!

Formats, Styles and Recommendations

When submitting proposed problem(s) or solution(s), please send both LaTeX document and pdf
document of your proposed problem(s) or solution(s). There are ways (discoverable from the in-
ternet) to convert from Word to proper LaTeX code. Porposals without a proper LaTeX document
will not be published regrettably.

Regarding Proposed Solutions:

Below is the FILENAME format for all the documents of your proposed solution(s).
#ProblemNumber_FirstName_LastName_Solution_SSMJ

e FirstName stands for YOUR first name.
e [astName stands for YOUR last name.

Examples:
#1234_Max_Planck_Solution_SSMJ

#9876_Charles_Darwin_Solution_SSMJ

Please note that every problem number is preceded by the sign # .

All you have to do is copy the FILENAME format (or an example below it), paste it and then
modify portions of it to your specs.

Please adopt the following structure, in the order shown, for the presentation of your solution:

1. On top of the first page of your solution, begin with the phrase:

“Proposed Solution to #**** SSMJ”
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where the string of four astrisks represents the problem number.

2. On the second line, write
“Solution proposed by [your First Name, your Last Name]”,

followed by your affiliation, city, country, all on the same linear string of words. Please see the
example below. Make sure you do the same for your collaborator(s).

3. On a new line, state the problem proposer’s name, affiliation, city and country, just as it ap-
pears published in the Problems/Solutions section.

4. On a new line below the above, write in bold type: “Statement of the Problem”.

5. Below the latter, state the problem. Please make sure the statement of your problem (unlike
the preceding item) is not in bold type.

6. Below the statement of the problem, write in bold type: “Solution of the Problem”.
7. Below the latter, show the entire solution of the problem.

Here is a sample for the above-stated format for proposed solutions:

Proposed solution to #1234 SSMJ

Solution proposed by Emmy Noether, University of Gottingen, Lower Saxony, Ger-
many.

Problem proposed by Isaac Newton, Trinity College, Cambridge, England.

Statement of the problem:

“ /n
Compute =k,
p ;o(k) y

Regarding Proposed Problems:

For all your proposed problems, please adopt for all documents the following FILENAME for-
mat:

FirstName_LastName_ProposedProblem_SSMJ_YourGivenNumber_ProblemTitle
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If you do not have a ProblemTitle, then leave that component as it already is (i.e., ProblemTitle).

The component YourGivenNumber is any UNIQUE 3-digit (or longer) number you like to give
to your problem.

Examples:
Max_Planck_ProposedProblem_SSMJ_314_HarmonicPatterns

Charles_Darwin_ProposedProblem_SSMJ_358_ProblemTitle

Please adopt the following structure, in the order shown, for the presentation of your pro-
posal:

1. On the top of first page of your proposal, begin with the phrase:
“Problem proposed to SSMJ”
2. On the second line, write
“Problem proposed by [your First Name, your Last Name]”,

followed by your affiliation, city, country all on the same linear string of words. Please see the
example below. Make sure you do the same for your collaborator(s) if any.

3. On a new line state the title of the problem, if any.
4. On a new line below the above, write in bold type: “Statement of the Problem”.

5. Below the latter, state the problem. Please make sure the statement of your problem (unlike
the preceding item) is not in bold type.

6. Below the statement of the problem, write in bold type: “Solution of the Problem”.
7. Below the latter, show the entire solution of your problem.

Here is a sample for the above-stated format for proposed problems:

Problem proposed to SSMJ
Problem proposed by Isaac Newton, Trinity College, Cambridge, England.

Principia Mathematica (<— You may choose to not include a title.)
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Statement of the problem:

u n
Compute ok,
p /;)(k) y

s+ & »« Thank You! « « «
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